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Abstract 
A linear correlation is presented between the reduced surface tension *σ  and reduced temperature  
*
extScalT by applying the extended scaling law. The correlation is applied quite accurately to 17 atomic, 
diatomic, and molecular fluid hydrocarbons of wide range of molecular shapes. The reduced surface 
entropy *sextScalS  is introduced, which has a value of 1.000 over the whole liquid range, indicating that the 
corresponding states principle is followed fully. The correlation for *sextScalS  contains a quantity 
s
µE , 
which is related to the surface energy sE , in the form ( ) ( )[ ]TTE ∂∂−= σσ µ1sµ , where σ  is the surface 
tension, T  is the absolute temperature, µ  is the critical exponent for surface tension, and the surface 
entropy ( )TS ∂∂−= σs . sµE  is different form sE  by an additional ( )µ1  factor coupled to sS . The form 
of the equation of sµE  is different from the equation of 
sE , which is a combination of the first and the 
second laws of thermodynamic for interface. The relation for *sextScalS  acts as an intermediate equation to 
derive a new analytical expression for sµE  in terms of intensive physical and thermodynamic properties 
of the particular fluid. 
Key words: Critical exponent; Extended scaling; Law of corresponding states; Surface energy; 
Correlation for Surface tension; 
*σ
1. Introduction 
The behavior of liquids at the interface, although investigated widely, is still a demanding field of 
research. The behavior of a liquid-vapor interface is usually characterized by the surface tension, 
which decreases linearly with temperature close to the freezing point. As the critical point is 
approached, surface tension decreases non-linearly and becomes zero at the critical point. In this 
respect, the development of a unified theory that can explain the behavior of surface tension over 
the whole liquid range is demanding. Empirical and semi-empirical methods are widely available, 
and are powerful tools for prediction and validation. The law of corresponding states plays an 
important role in the prediction of surface tension and very often leads to understanding different 
aspect of the thermodynamic of interfaces. 
In a recent letter [1], based on the corresponding states principle and consideration of 
scaling laws, we have reported a semiempirical linear correlation between reduced surface 
tension *σ and the reduced temperature *T . The correlation is quite accurate when applied to C5-
C8 liquid hydrocarbons from freezing point up to and at the critical point. As a result of these 
studies, it has been recognized that the expression for surface energy, which brings together 
surface entropy and surface free energy terms, may include an additional factor of the inverse of 
critical exponent coupled with the surface entropy term. Thus, the corresponding states principle 
and scaling laws for surface tension over an extended range of temperature becomes valid if the 
thermodynamic expression for the surface energy is modified by including its critical exponent, a 
generic property of fluids under investigation. In general, the rigor of thermodynamics is an 
important task in surface science because all specific surface effects namely ordering, capillary 
waves, and double layer influence the surface entropy and its magnitude. Modeling such 
properties will initiates work to evaluate systems that show critical behavior as a special feature 
important for industrial application such as food, drug, adhesive, cosmetic, and hygiene 
industries. 
Earlier it has been found that the reduced surface tension [1], 
µ
ff
* ))(( TTσσσ =        (1) 
is a linear function of reduced temperature 
µ
ff
* )])([( TTττT =        (2) 
where σ  is the surface tension, T  is the absolute temperature, and subscript f  stands for 
freezing point. )1(τ cTT−= , with cT  being the critical temperature. µ  is the critical exponent 
for surface tension. Its theoretical value of 1.26 is universal for the class of liquid hydrocarbons 
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of wide range of molecular shape [2]. The relation between *σ  and *T  has been founded semi-
empirically. It has been based on the law of corresponding states and phenomenological scaling 
law, and inspired by the renormalization group theory.  
The linear dependence of *σ  as function of *T  over the whole liquid range, has led us to 
suggest an analytical expression for the reduced surface entropy *sS  in the form [1], 
**s
*
*
*s E
dT
dS τ=σ= µ        (3) 
where, 
( )µf1µ* τττ −=         (4) 
and  
( ) ⎥⎦⎤⎢⎣⎡ ⎟⎠⎞⎜⎝⎛ ∂∂−=σα= TσTσE,EE µ                1 sµfsµ*sµ    (5) 
where α  is a constant close to unity, though it changes slightly with temperature. The value of 
*sS  has been calculated for normal 85 CC −  liquid hydrocarbons in the temperature range from 
freezing point up to the critical point (up to 510−=τ ). The average value of *sS  has been found 
to be 0.9990, quite close to unity. sµE  is related to the thermodynamic surface energy 
sE , except 
for the factor ( )µ1  coupled with the surface entropy ( )TS ∂∂−= σs . It has been shown that for 
normal 85 CC − liquid hydrocarbons the *sS is accurately close to unity if the factor ( )µ1  is 
coupled with the sS  as in the Eq. (5). 
In this study, first we present the application of Eq. (3) to a number of monatomic, diatomic, 
and molecular liquid hydrocarbons of wide range of molecular shape. Second, we pursue and 
present a more accurate description of the previous expression for *sS  by using an accurate 
analytical relation for the description of experimental surface tension data reported by the 
application of the extended scaling law. Using the corresponding states principle, a new relation 
for reduced surface entropy and subsequently surface energy is obtained. 
 
2. Derivation of extended reduced surface entropy 
Well below the critical point of all known materials, the variation of experimental liquid surface 
tension can be well approximated by a linear relation of surface tension. Close to the critical 
point, however, the non-linear vanishing of the surface tension has been noted and investigated as 
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early as van der Waals discussed the continuity of states [3]. The asymptotic behavior of the 
surface tension close to the critical point can be demonstrated by the scaling law:  
µτσσ o= ,  for 0→τ      (6) 
where oσ  is a substance dependent constant and µ  is the characteristic universal constant. The 
critical behavior of fluids has been investigated extensively and based on the scaling law it is 
found that ν2µ =  [5,6], where the critical exponent for the divergence of correlation length 
630.=ν . Based on our definition for the reduced surface tension as ( )( )µff TT* σσσ =  and the 
application of Eq. (6), *σ  is a linear function of *T , and the range of accuracy of this linear 
behavior has been verified by the application of experimental surface tension data [1]. 
 The extension of the expression for the asymptotic behavior to temperatures close to the 
freezing point is accounted by the Wegner expansion [7]: 
 ( )Lo +++= ∆∆µ 2211 τστστσσ      (7) 
where the correction-to-scaling exponent 5.0∆ = . 21  , , σσσ o , andL  are substance dependent 
constants, and their values are determined usually by fitting to experimental surface tension data.  
Quite obviously, by involving more correction terms in the Eq. (7), a higher accuracy for 
the description of surface tension over the liquid range is guaranteed. By truncation up to the 
third term in Eq. (7), now we propose that *σ  is a more accurate linear function of    
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where the subscript extScal stands for extended scaling.  
For the practical application of Eq. (7) the prediction of surface tension of liquids with 
acenteric factor ω , the experimental surface tension data of 29 liquids have been used and the 
fitting parameters were determined [8,9]. These are included Kr, Xe, O2, N2, normal 81 CC −  
liquid hydrocarbons, 4Ciso − , and 16 refrigerants. Furthermore, from a simple law of 
corresponding states, it has been argued [8,10] that oσ  should be proportional to 2/3cAc )( /VNkT , 
where cV  is the critical volume, k  is the Boltzman constant, and cN  is the Avogadro’s number. 
By considering that the deviation from the law of corresponding states is due to the difference in 
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the molecular shape of liquids under consideration, the following relation, which is similar to an 
expression from literature [10], has been obtained [8], 
( ) ⎟⎠⎞⎜⎝⎛ −+ω+⎟⎟⎠
⎞
⎜⎜⎝
⎛=σ ∆∆µ 2
2/3
c
2501901144354A τ.τ.τ..
V
NkTc   (9) 
It has been claimed that Eq. (9) predicts surface tension of 29 liquids mentioned above with 
absolute average deviation of 3.5%, and with 5.9% when applied only to the 16 refrigerants. [8] 
 By considering the practical applicability of Eq. (9) to describe the asymptotic behavior of 
surface tension, we now propose that *σ  is a linear function of  
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Once the most accurate form of the reduced temperature has been resolved [by Eq. (10)], it is 
possible to derive an analytical accurate form for reduced surface entropy:  
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The substance dependent variable )(* Tθ  depends on physical properties of the substance e.g., fT  
and cT , which are highly accurate measures of the intermolecular forces. The complex form of 
)(* Tθ  is due to application of the rather complex form of extended scaling law given by the 
Wegner expansion compared to the simple form which only holds in the critical region. The 
second term in the expression of  )(* Tθ  is negative for 14.0≈≥τ  and is much smaller than the 
first term, however, it is responsible for maintaining the required accuracy close to cT . 
Inspection of Eq. (12) shows that )(* Tθ  is dimensionless and involves quotients of 
temperature  T  and τ .  The asterisks indicates reduced form of (a function of) temperature. 
Therefore, the reduced surface entropy for an extended temperature range derived in this study is 
   
 
5
 )(*sµ
*s
extScal TθES
*=         (13) 
where,  
  ( ) ⎥⎦⎤⎢⎣⎡ ⎟⎠⎞⎜⎝⎛ ∂∂−== TσTσE                ,σEE µsµfsµ*sµ     (14) 
It is claimed here that Eq. (13) is the most accurate universal relation and its accuracy is 
determined by the accuracy of Eq. (9).  
3. Results and Discussion 
3.A. Reduced Surface Entropy *sS  
 The relation given for the surface tension by the scaling law is valid close to the critical 
temperature only. Practically it is valid in the temperature range corresponding to 54 1010 −− −=τ . 
Far from cT , however, by applying the extended scaling law, the accuracy would be extended to 
well below cT . 
In the previous study [1], we have presented the correlation for *sS  given by Eq. (3) [see Eq. (3) 
to (5) for *sS ]. To arrive at the Eq. (3), no correction to scaling and no adjustment for α   has 
been made. Furthermore, to obtain the input surface tension data, we have applied the values of 
oσ  and 1σ  obtained by Grigoryev et al. by using experimental surface tension data [11]. In this 
work, we calculate *sS  for 9 liquids including normal hydrocarbons 81 C-C  and C4iso −  (, 
rather than C5-C8 liquid hydrocarbons considered in the previous study). We use experimental 
surface tension data described by the Eq. (9) as input data.  
Primarily we have calculated the surface tension by application of optimal correction terms to 
scaling [e.g., )1( ∆1
µ τστσσ += o ]. In each case the plots of  *sS  versus τ  show that *sS  is not 
constant. Hence, the truncation after the first term gives a surface entropy that does not follow the 
corresponding states principle. To calculate values of surface tension and its temperature 
dependence, the corresponding oσ  and 1σ  values have been taken from table 11 of reference 8. 
The plots are shown in Figure 1. As it can be seen the corresponding states principle does not 
hold even with a moderate accuracy. However, the values of *sS  for C5-C8 hydrocarbons, 
reported in the previous study too [1], are almost constant resulting an average value of 0.9990 
for *sS . 
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The same plots, but now including two correction terms [e.g., ( )∆22∆1µ 1 τστστσσ ++= o ], 
show non-constant *sS  values and show no correlation even with moderate accuracy for normal 
C5-C8 liquid hydrocarbons. Again, the values of oσ , 1σ , and 2σ  were taken from table 12 of 
reference 8. Although the application of two correction terms gave some improvement, but the 
law of corresponding states did not hold. 
 
  
 
 
 
 
 
 
 
 
 
Figure 1. *sS  [Eq. (3)] versus τ  for liquid hydrocarbons, according to surface tension 
correlations including one term correction to the scaling [8]. The lines are trend lines. 
 
Finally, numerically improved correlations for the description of experimental surface 
tension data are tested to arrive at a rather good correlation for *sS  [Eq. (3)] versus τ . In this 
regards, we have tested two more correlations for the surface tension: the first one is the Eq. (11) 
of the reference 8, which includes critical parameters as well as acenteric factor. The second one 
is the same except for a numerical improvement, e.g., Eq. (9) above, which has been achieved by 
fitting the correlation in the surface tension data including additional data covering O2, Xe and Kr 
gases. The first correlation for surface tension again shows non-constant *sS values and shows no 
accurate correlation (the plots are not shown). Using the second one, the Eq. (9), the resulted 
*sS are plotted in Figures 2. In this case 17 liquids including 7 atomic and diatomic fluids (Ar, Kr, 
Xe, N2, O2, F2, Cl2, Br2,) and 9 molecular hydrocarbons (C1-C8, iso-C4) are tested. In Figure 2, 
only the results for 9 hydrocarbons are shown. The values of  cV  and ω  are taken from 
references 8 and 12. It can be seen from the figure that the corresponding states principle is better 
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obeyed, however, the accuracy for the *sS  value is becoming worse. This improvement can be 
attributed to the improvements in the accuracy of the applied correlation (for the input surface 
tension data). The form defined for the variable *T  is simple in that it has not been well 
characterized by extended scaling law. (see equations 1 to 3). As long as the corresponding states 
principle is concerned, this can be the cause of non-constant values of *sS obtained over the 
whole liquids range.  
 
3.B. The Reduced Surface Entropy *sextScalS  
Considering the results of application of different available correlations for surface tension to 
investigate the features of the previously derived *sS , one could conclude that the correlation of 
surface tension in terms of critical parameters and acenteric factor is accurate enough to result in  
 
 
 
 
 
 
 
 
 
 
 
Figure 2. *sS  [Eq. (3)] versus τ . The numerically improved correlation for 
surface tension [Eq. (9)] has been applied. 
 
a high accuracy as long as the corresponding states principle is concerned. Therefore, in this 
section we consider only the application of Eq. (9) to the developed form of reduced surface 
entropy, *sextScalS . Note that a complete data analysis have been made to employ the most accurate 
surface tension data available for the construction of Eq. (9) [8]. We have employed four more 
fluids ( Ar , 2F , 2Cl , and 2Br ) to have a rather complete list of mon- and di-atomic fluids. The 
values of fT , cT , and ω  for these fluids were taken from reference 12. The accuracy of these data 
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is high enough to compare with the accuracy of the data employed in reference 8 for the other 13 
fluids. 
In this study, we have developed Eq. (13) by using the extended scaling form of *extScalT  
given by Eq. (8), and using by the Eq. (9) for surface tension to arrive at *extScalT  given by Eq. (10). 
This expression for *extScalT  has the advantage of including corrections to scaling (up two terms) 
over *T . This can be examined by a plot of  *σ  versus *extScalT  as shown in Figure 3. From a 
linear fitting of the data in Figure 3, we obtain the slope 0.1)( *extSacl
* =∂∂ Tσ . Thus, *sextScalS  
exhibit an accurate corresponding states principle because it benefits the accuracy of the extended 
scaling in addition to the preferential form of the correlation employed for the surface tension. To 
our opinion this guarantees a high accuracy as long as the corresponding states principle is 
concerned. The plots of  *sextScalS  versus τ  are shown in Figure 4. 
 
 
 
 
 
 
 
 
 
 
Figure 3. Plots of *σ  versus *extScalT  from freezing point to the critical point for 17 liquids. 
 
3.C. Surface Energy sµE  
The form of *sextScalS  involves the same expression for surface energy 
s
µE  as in the previous study 
[1]. It has been already argued that the form of sµE  could raise the question that the present 
combined form of first and second laws of thermodynamics for an interface might be different 
from the results of classical thermodynamic. It involves the factor ( )µ1  coupled with surface 
entropy. It is of interest that µ  is a constant for all liquids of the universality class and thus it 
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represents the generic behavior of particular universality class. On the other hand, the surface 
entropy of a number of normal liquid, molten salts, and molten metals are rather close to one 
another and varies at most by a factor of two. Comparing the values of surface entropies with the 
corresponding values of surface energies, which vary by 2 to 3 orders of magnitude, it turns out 
that the surface entropy is a generic property and surface energy is a specific property. Therefore, 
the character determined for surface energy sµE  involves coupling of two generic properties of 
the liquid system. This finding deserves more digressing to the fundamentals and in this regards, 
using the result obtained for 17 liquids shown in Figure 3 and 4,  
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Figure 4. Plots of  *sextScalS  versus τ  for liquid hydrocarbons, atomic, and diatomic fluids. 
It can be seen that sµE  is a function of T  and in addition depends on two generic constants, 
µ  and ∆ . It also depends on fluid specific parameters fσ , fT , and cT , which are measures of 
intermolecular forces. It is worth noting that the final form for sµE  is not involving ω  and cV . 
This relation for sµE  is reported here for the first time. It involves only intensive thermodynamic 
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and physical properties of the particular liquid. sµE  includes the correction to scaling, however no 
more fitting is required to arrive at Eqs. (13) and (14).  
It seems that the form given by Eq. (15) is uniquely derived by the method presented in this 
study. First, the expression for *sextScalS  is derived, which acts as an intermediate enabling to arrive 
at the expression for sµE . We noticed that 
s
µE  is derived from 
*s
extScalS  without any thermodynamic 
arguments. One could also derive a relation for sµE  by inserting Eq. (9) appropriately in Eq. (14). 
In this way, however, the relation resulted for sµE  is not as straightforward as Eq. (15) and would 
be involved cV  and ω  in addition to the parameters mentioned above. 
 
4. Conclusions 
We have presented a relation for the reduced surface entropy *sextScalS  that is equal to unity over the 
whole liquid range for monatomic, diatomic molecules, and polyatomic hydrocarbons of the wide 
range of molecular shapes. Having derived from Eq. (1) and (2), the Eq. (11) for *sextScalS  is 
inspired by the renormalization group theory and phenomenological scaling law. Different 
relationships have been employed to calculate surface tension required for the calculation of 
*s
extScalS . The accuracy of 
*s
extScalS  depends highly on the choice of the correlation for the description 
of experimental surface tension. Using the Wegner extended scaling law, truncated after the 
second term and treated well by using accurate oσ , 1σ , and 2σ , the *sextScalS  has been obtained with 
high accuracy.  
The expression for *sextScalS  contains the function 
s
µE . This function is the same as the 
function for surface energy derived in classical thermodynamics except for a factor of ( )µ1  and 
is related to the temperature dependence of surface tension ( )T∂∂σ . To derive sµE , Eqs. (1) and 
(2), which are based on the phenomenological scaling and the principle of corresponding states, 
has been treated a correlation representing the experimental surface tension data. Variation of *σ  
versus *T  and or *extScalT  is perfectly linear from fT  to cT . However, by disregarding the critical 
exponent µ  [in Eqs. (1) and (2)], the variation of *σ  versus *T  and or *extScalT , would be rather 
linear close to fT , but would be non-linear at high s'T  particularly as cT  is approached. In this 
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case also, the derived surface energy would be sE  (rather than sµE ). Noting that the scaling law 
essentially accounts for the non-linear vanishing of surface tension, a noticeable conclusion is 
that if one ought to develop a unified theory applicable at low s'T  as well as high s'T  close to 
cT , it (may) requires that the thermodynamic relations be modified and typically it implies that 
the surface energy could be as sµE  (rather than 
sE ).  
The function *sextScalS  implies that )(
*s
µ TE
*θ= . Except for the fitting parameters reported in 
literature, the form of )(T*θ  has been obtained in an analytical way. sµE  can be determined from 
knowledge of physical and thermodynamic properties fT , cT ,µ , and fσ  which all depend on the 
liquid under consideration. To our knowledge, this relation for surface energy in terms of the 
mentioned parameters is given here for the first time. However, one should note that sµE  contains 
the factor ( )µ1 , a generic property of the universality classes, which gives a modification to the 
combination of the first and the second laws of thermodynamic for the interface. This deserves a 
separate investigation. 
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